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Chapter 1 


Problems 


Pro 1. (Vietnamese National Olympiad 2008) Let x,y,z be distinct non-negative real 
numbers. Prove that 
1 f 1 af 1 _ 4 
(x—y)?  (y—2)?  (z-2@)? ~ wyt yet za 


V 


Pro 2. (Iranian National Olympiad (3rd Round) 2008). Find the smallest real K 
such that for each x,y,z € RT: 


vJ/y tyvet wes KV/(a+y)yt 2\(z+2) 
V 


Pro 3. (Iranian National Olympiad (3rd Round) 2008). Let x,y,z € R* and 
x+y+2=3. Prove that: 
3 3 3 


x Yy 2 = a ) 
ry + xz z 
y+8 248 2+8~9 ss 2 


V 
Pro 4. (Iran TST 2008.) Let a,b,c > 0 and ab+ac+bc=1. Prove that: 
VE+at+ V8+b4+ V3+ce>2Vatb+e 


V 


Pro 5. (Macedonian Mathematical Olympiad 2008.) Positive numbers a, b, c are 
such that (a+ b) (b+ c) (c+ a) =8. Prove the inequality 


atbtel wie thre 
3 = 3 


V 
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Pro 6. (Mongolian TST 2008) Find the maximum number C such that for any non- 
negative x,y,z the inequality 


ety t+ 224 C(xy? + yz? + 227) > (C+1)(a2y 4 y2z 4 272). 
holds. 


V 


Pro 7. (Federation of Bosnia, 1. Grades 2008.) For arbitrary reals x, y and z prove 
the following inequality: 


ees Bis a) Se) 
Dc ym 


3 
ety? + 2% — vy — yz — zx > max{ 
V 


Pro 8. (Federation of Bosnia, 1. Grades 2008.) If a, b and c are positive reals such 
that a2 +b? + 2 =1 prove the inequality: 


a+b  bB+e +a? 
ab(a+b) ' be(b+c)  ca(a+b) 


V 


> 3(ab+ be + ca) — 2 


Pro 9. (Federation of Bosnia, 1. Grades 2008.) Ifa, b and c are positive reals prove 
inequality: 


4a 4b 4c 
14 14 1+ —— 2 
( hee! ae car i ? 
V 


Pro 10. (Croatian Team Selection Test 2008) Let x, y, z be positive numbers. Find 
the minimum value of: 
a + y2 + 2? 

ry + YZ 

ry + YZ 

V 


(a) 
(0) 


Pro 11. (Moldova 2008 IMO-BMO Second TST Problem 2) Let a1,...,an be pos- 
itive reals so that aj +ag+...+4y < 3. Find the minimal value of 


1 1 1 
A=,Jaj+— 54+ 4fagt+—5+...+4/a24 


V 


Pro 12. (RMO 2008, Grade 8, Problem 3) Let a,b € [0,1]. Prove that 


1 a+b ab 
<< + : 
lt+at+b7— 2 3 
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V 


Pro 13. (Romanian TST 2 2008, Problem 1) Let n > 3 be an odd integer. Determine 
the maximum value of 


Vlei — al + V/|ta— ¢a| +... + Vl@n-1 — tn| + V/lea - ail; 
where x; are positive real numbers from the interval [0, 1] 
V 


Pro 14. (Romania Junior TST Day 3 Problem 2 2008) Let a,b,c be positive reals 
with ab + be + ca = 3. Prove that: 


1 1 1 1 
} < ‘ 
Teabae) Lee snc) 1+c(b+a) ~ abc 


V 


Pro 15. (Romanian Junior TST Day 4 Problem 4 2008) Determine the maximum 
possible real value of the number k, such that 


1 1 1 
| | > 
(a+b+o (<5 c+b | ate k) ok 


for all real numbers a,b,c > 0 witha+b+c=ab-+ bc+ ca. 

V 
Pro 16. (2008 Romanian Clock-Tower School Junior Competition) For any real 
numbers a,b,c > 0, with abc = 8, prove 


a—2 BSS ae 
Gd.” Gat eet 


V 


Pro 17. (Serbian National Olympiad 2008) Let a, b, c be positive real numbers such 
thatzr+y+z2z=1. Prove inequality: 


1 1 e 2! 
1 gd 31 
x z 


1 
ye+xro 


Pro 18. (Canadian Mathematical Olympiad 2008) Let a, b, c be positive real numbers 
for whicha+b+c=1. Prove that 

a—be _b-—ca _ c—ab 2 3 

a + be ctab~ 2 


' b+ca_ 
V 
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Pro 19. (German DEMO 2008) Find the smallest constant C such that for all real x, y 
Ll+(e+y)?<C-(1+27)-(1+y’) 
holds. 
V 


Pro 20. (Irish Mathematical Olympiad 2008) For positive real numbers a, b, c and d 
such that a? + b? + c? + d? =1 prove that 


abcd + +ab?c2d + abe?d? + a?bcd? + a?bc27d + ab*cd? < 3/32, 
and determine the cases of equality. 


V 


Pro 21. (Greek national mathematical olympiad 2008, P1) For the positive integers 


Q1,42,.--,4y prove that 
Yee ee 
(Rae : ) = II ay 
i aij i=l 
where k = maz {a1, a2,...,dn} and t = min {aj, a2,...,an}. When does the equality hold? 


V 


Pro 22. (Greek national mathematical olympiad 2008, P2) 
If x,y,z are positive real numbers with x,y,z <2 and x? + y?+ 2? =3 prove that 


Se i ee ae ce gr 


<3 
2 x+2 yt2 z+2 


V 


Pro 23. (Moldova National Olympiad 2008) Positive real numbers a,b,c satisfy in- 
equalitya+b+ec< 3 . Find the smallest possible value for: 


S =abe+ es 
abc 
V 


Pro 24. (British MO 2008) Find the minimum of x? + y? + z? where x,y,z € R and 
satisfy 2° + y? + 23 —3a2yz=1 


V 


Pro 25. (Zhautykov Olympiad, Kazakhstan 2008, Question 6) Let a,b,c be positive 
integers for which abc = 1. Prove that 


1 3 
Do iar b) 7 2 
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V 


Pro 26. (Ukraine National Olympiad 2008, P1) Let x, y and z are non-negative 
numbers such that x? + y? + z? =3. Prove that: 


£ y z 
+ < v3 
Vertyte Vaerytz Vetryt? 


V 
Pro 27. (Ukraine National Olympiad 2008, P2) For positive a,b,c,d prove that 


(a+ b)(b+c)(c+d)(d+a)(1 + Wabed)4 > 16abcd(1 + a)(1 + 6)(1+c)(1 +d) 


V 


Pro 28. (Polish MO 2008, Pro 5) Show that for all nonnegative real values an inequality 
occurs: 


4(Va3b3 + Vb33 + Vc3a3) < 43 + (a +b). 
V 


Pro 29. (Brazilian Math Olympiad 2008, Problem 3). Let x,y,z real numbers such 
thatzr+y+z2=a2ytyzt+2ax. Find the minimum value of 


x ve ee 
e2t+1 y+l 241 


V 
Pro 30. (Kiev 2008, Problem 1). Let a,b,c > 0. Prove that 


2 b2 2 
SA bs min((a—5)?, (b= 6)?, (C= @)”) 
V 


Pro 31. (Kiev 2008, Problem 2). Let x1, 2%2,--+ ,%m >0,n >3 anda14+%2+-+-+2n = 2 
Find the minimum value of 


Hop) L3 is , LY 
Loe? i+ 1+a2 


V 


Pro 32. (Hong Kong TST1 2009, Problem 1). Let 01,62,...,02008 be real numbers. 
Find the maximum value of 


sin 6; cos 62 + sin 62 cos 63 + ... + sin 92997 Cos A290 + Sin O2908 Cos 81 


V 
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Pro 33. (Hong Kong TST1 2009, Problem 5). Let a, b, c be the three sides of a 
triangle. Determine all possible values of 
2p ob 29 


a 


ab+ be+ ca 
V 


Pro 34. (Indonesia National Science Olympiad 2008). Prove that for x and y 
positive reals, 


1 1 2 

> : 

(l+/2)? (1+ Yy)? ~ e+y+2 
V 


Pro 35. (Baltic Way 2008). Prove that if the real numbers a, b and c satisfy a?+b?+c? = 
3 then 
“a (a+b+c)? 
S > 
2+b+¢? 12 


When does the inequality hold? 
V 


Pro 36. (Turkey NMO 2008 Problem 3). Let a.b.c be positive reals such that their 
sum is 1. Prove that 
a*b? bc? ac? 3 
c3(a? — ab + 6?) 


T T > 
a?(b? — be +c?) (a? — ac +c?) ~ abt+bce+ac 
V 
Pro 37. (China Western Mathematical Olympiad 2008). Given x,y,z € (0,1) 


satisfying that 
1- 1- 1- 
“4 a ea) 
yz LZ xy 


Find the maximum value of xyz. 


V 


Pro 38. (Chinese TST 2008 P5). For two given positive integers m,n > 1, let ajj(i = 
1,2,---,n,j7 = 1,2,---,m) be nonnegative real numbers, not all zero, find the mazimum 
and the minimum values of f, where 


ga ype (Dogar Gig)? + DO a ay)? 
(a pe aij)? + mn > Yn1 icy az, 
V 
Pro 39. (Chinese TST 2008 P6) Find the maximal constant M, such that for arbi- 
trary integer n > 3, there exist two sequences of positive real number a,,a2,--+ ,Gn, and 


b1, b2,--- , bn, satisfying 
(QS by = 1, 2b, = be-1 + be41, kh = 2,3,--- ,n—-1; 
(2):02 < 14+ 0%, aibi, k = 1,2,3,--- n,n = M. 


V 


Chapter 2 


Solutions 


Problem 1. (Vietnamese National Olympiad 2008) Let x,y, z be distinct non-negative 
real numbers. Prove that 
1 1 ne 1 . 4 
(z—y)?  (y—z)? (2-4)? ~ ayt yet en 


Proof. (Posted by Vo Thanh Van). Assuming z = min{x,y, z}. We have 
(a — 2)? + (y— 2)? = (@—y)? + 2(e — z)(y— 2) 


So by the AM-GM inequality, we get 


De en et Ste a 
Ga? Wag? “ea ear Ge G22 2G?) 
S 2 , 2 7 4 
~ (t@-z\(y-2z)  (w@—2z)(y-2z)  (%-2z)(y—-2) 
4 


> ————— 
~ LY tye+ 2x 


Q.E.D. 


Proof. (Posted by Altheman). Let f(x,y,z) denote the LHS minus the RHS. Then 
f(x+d,y+d,z-+d) is increasing in d so we can set the least of «+ d,y+d,z+d equal to 
zero (WLOG z= 0). Then we have 


2 2 2 
1 i 1 | 1 a (x* + y* — 3axy) $0 
2 2 sy w(x —y)? 


Problem 2. (Iranian National Olympiad (3rd Round) 2008). Find the smallest 
real K such that for each x,y,z € Rt: 


wJytyvet ees KyV/(a+y)yt 2\(z +2) 
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Proof. (Posted by nayel). By the Cauchy-Schwarz inequality, we have 


LHS = Jx,/ay + JyJye+ VaVen < Je t+y + 2)(ay + yz + 22) 


< eV e+ NWF IE A) 


where the last inequality follows from 
8(a + y + z)(ay + yz + 2a) < Wat y)(yt z)(z+2) 
which is well known. 


Proof. (Posted by rofler). We want to find the smallest K. I claim 
K = ——. The inequality is equivalent to 


2/2 


8(a/y + yVz+ zV/z)? < 9(a+ y)(yt z)(z4+ 2) 


—— 8x7 + 8y7z + 8274 + l6xy/yz + lO6yzV/ zx + 16xz,/ry < 9 a xy + 18xyz 


sym 


<=> lorry /y2z + l6yzV/ zx + 16xz./ry < xy + yz ee got Qy2a + 9z7y + 9a72 +4 18xyz 


By the AM-GM inequality, we have 


22x + 9y?x + 6ryz > 16 ¥/22r- 8x9 - 18y5z6 = 1l6xy/ zz 


Sum up cyclically. We can get equality when 7 = y = z = 1, so we know that K cannot be 


any smaller. 


Proof. (Posted by FelixD). We want to find the smallest K such that 


(2 Jy tyJz+ 2/2) < K7(2+y)(yt+z)(z+2) 


But 


(2/9 + yVzt 2/2) = So a?y + 29— 2yVy2) 


cyc cyc 
2 xyz tay? 
Sry 
cyc cyc 
=(r+y)(y+ z)(2+2) + cyz 


S (a+ yy rt z)(2 +2) 


= Se + wut 2242) 


Therefore, 


ile eens ee 


co| © 


with equality holds if and only if « = y = z. 


V 


10 
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Problem 3. (Iranian National Olympiad (3rd Round) 2008). Let x,y,z € R* and 


x+y+2z2=3. Prove that: 
3 3 3 
x Yy z 1 2 
aie cyt uz+yz 
pts) B48 eet a7 y?) 


Proof. (Posted by rofler). By the AM-GM inequality, we have 


x? iu yr- +42 
(y + 2)(y? — 2y + 4) 27 a7 =35 


Summing up cyclically, we have 


x? y? 23 x+y? t+ 27—-(e@t+ytz)+6%3 
27 


ys+8  234+8 #348 


1. De a +27 
~3 9 27 


Hence it suffices to show that 


1 at@ty?+2? 2 Lg shas) 
LZ z 
3 27 aa pes d 


<> 9 — (2? + y? + 27) > A(aey + az 4+ yz) 
<> 9>(4#+y4+2)? =9 


Q.E.D. 


V 
Problem 4. (Iran TST 2008.) Let a,b,c > 0 and ab+ac+bc=1. Prove that: 
Va+at+V8+b4+VA+e>2Wa+tb+e 


Proof. (Posted by Albanian Eagle). It is equivalent to: 


ee 9 (a+b+c)(ab+be+ ca) 
L Jaerg 2 et + Nera) 
1 
Using the Jensen inequality, on f(x) = a we get 
y a+b+c 
cyc Ja b me c) 7 ae ab 
a+b+c 


So we need to prove that 


(at+b+ ORO a*b + 2abc) > 4(ab + be + ca)(S> a*b) 


sym sym 
Now let c be the smallest number among a, b,c and we see we can rewrite the above as 


(a — b)?(a7b + a +. a7c + bc — ac? — be”) + 7? (a + b)(c— a)(c— b) > 0 


11 
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Proof. (Posted by Campos). The inequality is equivalent to 


S¢ Valat b)(a+0) > 2/(a+ b+ c)(ab+ be + ca) 


After squaring both sides and canceling some terms we have that it is equivalent to 


a a® + abc + 2(b + c)\/bce(a + b)(a +c) > S| 3a°b + 3a7¢ + 4abe 


From the Schur’s inequality we have that it is enough to prove that 


So(b + c)\/(ab + b)(ac + c2) > Ds a*b + a®c + 2abe 


From the Cauchy-Schwarz inequality we have 


V(ab + b2) (ac + c2) > avVbe + be 


SO 


S "(b+ c)/ (ab + b2)(ac + c2) > So a(b+ c)Vbc + be(b +c) > Sab + a*c + 2abe 


as we wanted to prove. 


Proof. (Posted by anas). Squaring the both sides , our inequality is equivalent to: 


S\ a? —35 abla +b) —9abe+ 25° Jala +t b)(a + c)V/b(b + €)(b +a) >0 


But, by the AM-GM inequality, we have: 


a(a+b)(a+c)-b(b+c)(b+a) 
= (a? +. a?c + a7b + abc) (ab? + b2c +b? + abc) 
> (a*b + abc + ab* + abc)? 


So we need to prove that: 


which is clearly true by the Schur inequality 


V 


Problem 5. Macedonian Mathematical Olympiad 2008. Positive numbers a, b, c 
are such that (a + b) (b+ c)(c+a) =8. Prove the inequality 


at+bte. o7/a® + B38 + 3 
3 - 3 


Proof. (Posted by argady). By the AM-GM inequality, we have 


(atbteP=@4+P4+04+2M=8 +H +E8434---4+3 > 97 (a3 + B+ 3) - 38 


Q.E.D. 


12 
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Proof. (Posted by kunny). The inequality is equivalent to 
(a+ b+ c)2? > 3(a3 +63 + 3) --- [x] 
Let a+ b= 27, b+c=2y, c+a = 2z, we have that 
(a+ b)(b+c)\(c+a) =8 = zryz=1 


and 
2atb+c)=(e+yt+z2z) Satb+c=aet+yt+z 
(atb+ce =a? +08? +24 3(a+b)(b+0(c+a) SS 2484+ =(e#+y4 2)? — 24 


Therefore 
[x] > (aw ty +z)?" > 3° {(2 + yt z)3 — 24}. 


Let t = (a +y+z)3, by AM-GM inequality, we have that 
t+yt2> 3Vaeyz SS t+y4+223 
yielding t > 27. 
Since y = t? is an increasing and concave up function for t > 0, the tangent line of y = t? 


at t = 3 is y = 376(t — 27) + 32”. We can obtain 


ae wea (eae 16 ea 


yielding t? > 37°(t — 24), which completes the proof. 
Proof. (Posted by kunny). The inequality is equivalent to 


(a+b+c)?" S326 
a+b+c38 ~ © 


Let x = (a+b+c)?, by the AM-GM inequality, we have: 


(a+b : 
8=G4NG40(e4e) < (Ae 9) 
soa+b+c> 3 The left side of the above inequality 
a 8a°(x — 27) 


f (2) po OO Ge ae 


We have f(x) > f(27) = 37°. 


Problem 6. (Mongolian TST 2008) Find the maximum number C such that for any 
nonnegative x,y,z the inequality 


et+yit+ 224 C(xy? + yz? + 227) > (C4+1)(a7y 4 y2z 4 272). 


holds. 


13 
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Proof. (Posted by hungkhtn). Applying CID (Cyclic Inequality of Degree 3) | theorem, 
we can let c = 0 in the inequality. It becomes 


e+ y> + cry > (c+ 1)zy’. 
Thus, we have to find the minimal value of 


—pa-yti_ 1 


fw) yoy 9 yy—1 


when y > 1. It is easy to find that 
f(y) =0 @ -1L=(yy—-))? ey? — dy? +y? — 2y+1=0. 


Solving this symmetric equation gives us: 


1+72+V/2v2-1 
5) 


1 
acta a ae 


Thus we found the best value of C is 


1 _ 14+ V2+72v2-1 | 1 


yt = 


a2) ; Vit Va=1 


wm 2.4844 


V 


Problem 7. (Federation of Bosnia, 1. Grades 2008.) For arbitrary reals x, y and z 
prove the following inequality: 


(c—y)* 3(y—z)? 3(y- ale 
i ae i a a 
2 


ae 
Proof. (Posted by delegat). Assume that BOE: 


3 
x? + y* + 2% — ay — yz — zx > max{ 


is max. The inequality is equivalent to 


Ag? + dy? + 42? > day + 4yz + daz + 3x? — Gay + 3y? 


> o7 + Qay + y? +27 > 4yz + 4az 
& (x+y —2z)?>0 


so we are done. 


V 


Problem 8. (Federation of Bosnia, 1. Grades 2008.) Ifa, b and c are positive reals 
such that a? + b? + c? =1 prove the inequality: 


a® + 0° _ e+e +a? 


> 3(ab+ b —2 
ab(a+b)  be(b+c) ca(a+b) ~ cep ogc) 


‘You can see here: http: //www.mathlinks .ro/viewtopic. php?p=1130901 


14 
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Proof. (Posted by Athinaios). Firstly, we have 
(a+ b)(a — b)?(a? + ab+ b*) > 0 


SO 
Cap = a*b*(a +b). 


Applying the above inequality, we have 
LHS > ab+be+ ca 
So we need to prove that 
ab + be + ca+2 > 3(ab+ bc + ca) 


or 
2(a? + b? + c”) > 2(ab + be + ca) 


Which is clearly true. 


Proof. (Posted by kunny). Since y = x° is an increasing and downwards convex function 


for « > 0, by the Jensen inequality we have 


5 5 b\? 54 pd 1 4 1 2 
a? +b > a+ a? + = (a+) Beare, (a+b) 
2 2 ab(a+b) ~ 16 ab 16 ab 
> +(a4)?-4 
iG 
(because (a+ b)? > 4ab for a > 0, b > 0) 


Thus fora >0, b>0, c>0, 


a +b? P+e +a? 1 5 5 , 
= + b)* 4 
ab(a+b)  be(b+c)  ca(ce+a) ~ qila + (b+ c)" + (c+ a)"} 


1 
= 5 (a? +b? +e + ab+ be + ca) 


IV 


ab + be + ca 


Then we are to prove 
ab + be + ca > 3(ab + be + ca) — 2 


which can be proved by 


ab + be + ca > 3(ab+ be + ca)—281>abt+be+casea4+?4+ > ab+be+ca 


Q.E.D. 


Comment 
We can prove the stronger inequality: 
a’ +b? P+ ea? 


= : 
ab(a+b)  bce(b+e) ca(a+c) ~ orm alaben baerce) 


15 
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Proof. (Posted by HTA). It is equivalent to 
a> +b? ee an ae ‘ 
SS = 
De ae ED D3 +P) 25 (dG by?) 


a7 tab 2b? 5 
2 

> 
S “(a - 8)7( Dab mea 


~ s 


which is true. 


V 


Problem 9. (Federation of Bosnia, 1. Grades 2008.) Ifa, b and c are positive reals 


prove inequality: 
4a 4b 4c 
14 14 1+ —) > 25 
( ara mee ake 


Proof. (Posted by polskimisiek). After multiplying everything out, it is equivalent to: 


4° a®) + 23abce > 4. a*(b+c)) 


cyc cyc 


which is obvious, because by the Schur inequality, we have: 


Oo. a®) + 3abe > S> a*(b+c) 


cyc cyc 


So finally we have: 


4° a®) + 23abe > 4. a®) + 12abe > 450 a*(b+c) 


cyc cyc cyc 


Q.E.D 


V 


Problem 10. (Croatian Team Selection Test 2008) Let x, y, z be positive numbers. 
Find the minimum value of: 
oe ty? + 2? 
LY + YZ 
ry + yz 
Proof. (Posted by nsato). 
(a) The minimum value is /2. Expanding 


(2) (oy 


16 
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we get x2 + y? + 22 — /Qry — V/2yz > 0, so 


2 2 2 
CETUS IES SS oy 
LY + YZ 


Equality occurs, for example, if = 1, y = V2, and z= 1. 
(b) The minimum value is \/8/3. Expanding 


( V3) rey Voz) > 0, 


we get 2? + y* + 227 — ,/8/3ary — \/8/3yz > 0, so 


see 
sytyz V3 


Equality occurs, for example, if « = 2, y = V6, and z = 1. 


V 


Problem 11. (Moldova 2008 IMO-BMO Second TST Problem 2) Let a1,..., Qn 
be positive reals so that ay +ag+...+@y< uF Find the minimal value of 


1 1 1 
A=,f/a+ 5+,/@+54+...4+4/a24 


Proof. (Posted by NguyenDungTN). Using Minkowski and Cauchy-Schwarz inequal- 
ities we get 


n4 


(a1 +ag+...+ an)? 


> les toate an) + 
By the AM-GM inequality: 


(3)" ae 


(ay tag+...+an)? ae 


(ay tag+...+4n)? 4 


Because aj +a9+...4 Gn < 5 80 


We obtain 


17 
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Proof. (Posted by silouan). Using Minkowski and Cauchy-Schwarz inequalities we get 


4 
> 4) (ai Fag Feet ag)? 4 - 2 
(aj +ag+...+4n) 


Let a1 +... +@n =. Consider the function f(s) = s? + my 
This function is decreasing for s € (0, ae So it attains its minimum at s = } and we are 
done . 


Proof. (Posted by ddlam). By the AM-GM inequality, we have 


ee ee Gens at 
a zaz=a ecies ra ow 
. tae i. eas 16a2 ~ (16a2) 16 
SO 


a 
Advi x raise 16a, (G44 = a1) 


By the AM-GM inequality again: 


; > 
= 16 Saxe, (Ts 16167:30) n 


But n 
][:=1"2? < (“tes res) 2 1 
n 20 
So 
A> V1li7n 
2 
V 


Problem 12. (RMO 2008, Grade 8, Problem 3) Let a,b € [0,1]. Prove that 


Oeee eau 
l+a+b— 2 3. 


Proof. (Posted by Dr Sonnhard Graubner). The given inequality is equivalent to 


which is true because of 0<a<land0O<6< 1. 
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Proof. (Posted by HTA). Let 


a+b ab 1 


A ae aa a Wea 


Consider the difference between f(a,b) and f(1,b) we see that 


(ona ise — 1)(a + 2a(b + 1) + 3b + 20(b + 1)) — 3a 


(+at+5Q+b) 20 


it is left to prove that f(1,b) > 0 which is equivalent to 


=10(b-1) . , 
one = 


Which is true . 


V 


Problem 13. (Romanian TST 2 2008, Problem 1) Let n > 3 be an odd integer. 
Determine the maximum value of 


V |i — eal + Veo — 23] +... + V[en-1— tn] + Ven — 211; 
where x; are positive real numbers from the interval [0, 1] 


Proof. (Posted by Myth). We have a continuous function on a compact set [0,1]”", hence 
there is an optimal point (21,...,%,). Note now that 


1. impossible to have 24-1 = 4; = 4441; 


2. if a; <aj_1 and 7; < x44, then x; = 0; 


3. if 7; > xj 1 and 7; > x44, then x; = 1; 


AL tei Se Sd OF Be Se a the ees 
It follows that (x1, ...,%n) looks like 
1 2 ko -1 2 1 1 1 
(Oy ais ’ 2 prety 5 , 0, 4355 ), 
ky ky kg kg ko kg ki 
where ky, ko, ..., kj are natural numbers, ky + ko +... +k; =n, 1 is even clearly. Then the 


function is this point equals 


S= Jkt Vkot.../ki. 


Using the fact that J is even and Vk < /k —1+1 we conclude that maximal possible value 
of Sisn—24+ V2 (l=n-1, kj =hko =... = k_1 = 1, ky = 2 in this case). 
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Proof. (Posted by Umut Varolgunes). Since n is odd, there must be an i such that both 
az; and 241 are both belong to [0, 4] or [5, 1]. without loss of generality let x1 < x2 and 21, 


£2 
x2 belong to [0, 5). We can prove that 


Vrq — 21 + W123 — tol < V2 


If 73 > x2, Vaz —t1 + /%3 — 22 <2-,/358 < V2; 


else 21,22, 23 are all belong to [0, 5]. 


Hence, /x2 — #1 + W123 — rol < 3+ 3. Also all of the other terms of the sum are less 
then or equal to 1. summing them gives the desired result. 
Example is (0, _ 120 daesal) 

Note: all the indices are considered in modulo n 


V 


Problem 14. (Romania Junior TST Day 3 Problem 2 2008) Let a,b,c be positive 
reals with ab + bc + ca = 3. Prove that: 
1 1 ; 1 7 1 
1t+a%(b+c) ° 14+B(a+e)' 14+c(b+a) ~ abe 


ab + be + ca te 


Proof. (Posted by silowan). Using the AM-GM inequality, we derive 3 > 


*/(abc)”. Then abe < 1. Now 


1 1 1 
a SO i 
Smarr cres Sea Dine abc 


V 


Problem 15. (Romanian Junior TST Day 4 Problem 4 2008) Determine the maz- 
imum possible real value of the number k, such that 


1 1 1 
2 
(arb+o (5 c+b ate k) =k 


for all real numbers a,b,c > 0 witha+b+c=ab-+ bc+ ca. 


Proof. (Original solution). Observe that the numbers a = b = 2,c = 0 fulfill the condition 
a+b+c = ab+bce+ca. Plugging into the givent inequality, we derive that 4 GG + 5 + 5 — k) > 
k hence k < 1. 

We claim that the inequality hold for k = 1, proving that the maximum value of k is 1. To 
this end, rewrite the inequality as follows 


1 1 1 
b t t 1)>1 
Ce c-+ea) (5 eb. abe )e 


>ab+be+ca+1 


ab+ be + ca 
ps a+b 
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ab ab 
op tezatict+catle S21 


. b b 
Notice that 27 > aggre 
get 


> ab Se ab _ ab+be+ca _ 
a+b at+b+e at+b+ec 


since a,b,c > 0. Summing over a cyclic permutation of a,b,c we 


as needed. 


Proof. (Alternative solution). The inequality is equivalent to the following 


at+b+e 1 1 1 
= + + 
atb+c4+1\a+b ct+bd ate 


Using the given condition, we get 


dit. al " 1 — a® +b? +c? +3(ab+ be + ca) 
a+b c+b atc (a+ b)(b+ c)(c+a) 
a? + b? + c? + 2(ab+ be + ca) +(at+b+c) 


(a+ b)(b+c)(c+a) 
— (at+tb+c)(atb+er+l) 
(a+ b+ c)? — abe 


hence 
(a+b+c)? 


i (a+b+c)? — abc 


It is now clear that S > 1, and equality hold iff abe = 0. Consequently, k = 1 is the 
maximum value. 


V 


Problem 16. (2008 Romanian Clock-Tower School Junior Competition) For any 
real numbers a,b,c > 0, with abc = 8, prove 
G= 2... BH2 C= 2 


<0 
a+l1 a ee 


Proof. (Original solution). We have: 


a-2 6-2 c—2 1 1 
<083-3 — <0e1< oe 
et eae es 


x z 
We can take a = 2—,b gg 2— to have 
y Zz x 


2 2 
Se ee Se =1 
at+1 Qey ty? ~ a? + y? + 22 + 2(xy + yz + 22) 


(by the Cauchy-Schwarz inequality) as needed. 


V 
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Problem 17. (Serbian National Olympiad 2008) Let a, b, c be positive real numbers 
such thatx+y+2=1. Prove inequality: 


1 1 wer 


1 agzt+y4 ayte24+h~ 31 


1 
yz+xrH 7 


Proof. (Posted by canhang2007). Setting x = § ,y = 8 ,z = 3. The inequality is 
equivalent to 


Sree eas 
3a? + abe+ 27 ~ 31 


cyc 


By the Schur Inequality, we get 3abc > 4(ab + bc + ca) — 9. It suffices to prove that 


3 3a < 3 
9a? + 4(ab + be + ca) +72 ~ 31 


3la(a+b+c) 
> 
25 (1 9a? + 4(ab + be + ca) on) 20 
pe S (7a + 8c + 10b)(c — a) — (7a + 8b + 10c)(a — b) 


az+s 


>0 


A(ab + be + ca) + 72 
7 


(where s = 


8a? + 8b? + 15ab+ 10c(a+b) +s 
: > 
ge (2+ 5) + 5) a 


which is true. 


V 


Problem 18. (Canadian Mathematical Olympiad 2008) Let a, b, c be positive real 
numbers for whicha+b+c=1. Prove that 

a—be _b-ca _ c—ab 2 3 

a+ be ctab7~ 2 


'b+ca— 


Proof. (Posted by Altheman). We have a+ bc = (a+ b)(a +c), so apply that, etc. The 
inequality is 


So(o+ c)(a? + ab+ac— be) < 


No] w 


(a+ b)(b+ c)(c+a) 


= So a’b + ba > babc 


cyc 


which is obvious by the AM-GM inequality. 


V 
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Problem 19. (German DEMO 2008) Find the smallest constant C such that for all 
real x,Y 
1+(a+y)?<C-(1+2?)-(1+y") 


holds. 
Proof. (Posted by JBL). The inequality is equivalent to 


ge + y? + Qay +1 
x2 + y2+22%y2+1 aan 


The greatest value of LHS helps us find C’ in which all real numbers 2, y satisfies the 
inequality. 
Let A = 2? + y?, so 

A+2ry+1 


At xy? +1 — 


To maximize the LHS, A needs to be minimized, but note that 


ge + y" > waxy. 


So let us set x7 + y? = 2xy = a> xy — 


4 
So the inequality becomes 
8a+4 
— <C 
(a+ 2)? ~ 
db —8a+8 
— = — — =0>a=1 
dx (a +2) ss 
4 
It follows that max(L) = C= ; 
V 


Problem 20. (Irish Mathematical Olympiad 2008) For positive real numbers a, b, c 
and d such that a2 + b? +c? +d? =1 prove that 


a*b?cd + +ab2c7d + abe?d? + a? bed? + a*bc2d + ab?cd? < 3/32, 
and determine the cases of equality. 


Proof. (Posted by argady). We have 


a*b?cd + ab?c?d + abe? d? + a®bed? + a*bc*d + ab*cd” = abcd(ab + ac + ad + be + bd + cd) 
By the AM-GM inequality, 
a2 +627 +2 +d? > 4Vabcd 


and 


CLPAC Le ete LO te tee Cte +d ‘ 
5 = 


(ab + ac + ad + be + bd + cd) 
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3 
2 


1 
so abcd < — and ab+ac+ad+ bc+ bd+cd< 
Multiplying we get 


1 
a*b?cd + ab?c2d + abce?d? + a*bed? + a7bc7d + abcd? < 16 


1 
The equality occurs when a = b=c=d= 5" 
V 


Problem 21. (Greek national mathematical olympiad 2008, P1) For the positive 
integers G1, 42,...,Qy prove that 


where k = maz {a1, a2,...,dn} and t = min {a1, a2,...,an}. When does the equality hold? 


Proof. (Posted by rofler). By the AM-GM and Cauchy-Schwarz inequalities, we easily 
get that 


2 ae Lai 
~ on 


So therefore since f Beil: 


2 2 

de a de a 
Now, the direct application of AM-GM required that all terms are equal for equality to 
occur, and indeed, equality holds when all a; are equal. 


V 


Problem 22. (Greek national mathematical olympiad 2008, P2) 
If x,y,z are positive real numbers with x,y,z <2 and x? + y?+ 2? =3 prove that 


Boo dehy? 4 ASE Be 2 “Laas 


<3 
2 x+2 yt2 z+2 
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Proof. (Posted by tchebytchev). From x < 2,y < 2 and z < 2 we find 


Lag? «eae eee. Dy ee ape. 8 


oe ee ee 4 " 4 AD 


and from x > 0,y > 0 and z > 0 we have 


Tye. dcie* . Tae Lee Pee Ie ny 
CED ge FD 2 iia 


Proof. (Posted by canhang2007). Since with x? + y?+ z? = 3, then we can easily get that 
L,Y, 2% < V3 <2. Also, we can even prove that 


2 
He 366 
pias: 


Indeed, by the AM-GM and Cauchy Schwarz inequalities, we have 


yes etl etl _ Aae?+y?+ 2743)? | ie: 
z+2 ee 245 ~ D(a? +1)(22+5) So a?y? +33 
72 72 


2 


> — — 
~ 3(a2 + y? + 27)? 433 3433 


V 


Problem 23. (Moldova National Olympiad 2008) Positive real numbers a, b,c satisfy 
inequalitya+b+c< 3 . Find the smallest possible value for: 


1 
S = abc + — 
abc 


Proof. (Posted by NguyenDungTN). By the AM-GM inequality, we have 


3 


5 2atbt+e> 3Vabe 


so abc < . By the AM-GM inequality again, 
1 1 63 / 1 63 1 63 65 
=ab 7 ——— > 24/ abe. > 4 = 
Avery abe ane 64abc " 64abc — oe 64abc - 64abe ~ 4 8 8 


V 


Problem 24. (British MO 2008) Find the minimum of x? + y? + 2? where x,y,z € R 
and satisfy x? + y? + 2° —3ayz = 1 


25 


Inequalities from 2008 Mathematical Competition KKK KK 


Proof. (Posted by delegat). Condition of problem may be rewritten as: 


(atyt2z)(2? + y%4 2? —ay—yz-—22)=1 


and since second bracket on LHS is nonnegative we have «+ y+z> 0. 
Notice that from last equation we have: 


2,.2,.29 lt+(sytyz+zr)(et+yt2) 1 
g+y tZ= = bay + yz+ Ze 
r+ytZ E+Yytz 
and since 
(ety+2)2-22-—y2- 2 
LY + YSZ+ 2X = 
2 
The last equation implies: 
3(a? + y? +27) 1 ayer 
2 — ebytz 2 
7 1 ; 1 (c+yt+z)? 
 Waetytz) © Ae+ytz) © 2 
3 
> 
eZ 


This inequality follows from AM > GM so 224+ y?4+ 2? >1s0 minimum of 2? 4+ y? + 2? is 
1 and triple (1,0,0) shows that this value can be achieved. 


Proof. (Original solution). Let x? + y? + 22 = r?. The volume of the parallelpiped in R? 
with one vertex at (0,0,0) and adjacent vertices at (x,y,z), (y, 2,2), (z,2,y) is |2? +y? + 
2° — 3xyz| = 1 by expanding a determinant. But the volume of a parallelpiped all of whose 
edges have length r is clearly at most r? (actually the volume is r? cos @sin y where @ and 
y are geometrically significant angles). So 1 < r? with equality if, and only if, the edges of 
the parallepiped are perpendicular, where r = 1. 


Proof. (Original solution). Here is an algebraic version of the above solution. 


L= (2° +y? + 2° — 32yz)? = (a(a? — yz) + y(y? — zz) + 2(2? - ry))° 
(ey 42") (ee) br Seay HG ey)?) 
= (a? + y? + 27) (at ty) t+ 24 t 079? + y?2? + 220? — Qry2(a+y + z)) 


2 
=(¢7 +y4+2? ((e? +y7 +27) — (ay + yz + 22)”) 
3 


< (x? +y? + 27) 


V 


Problem 25. (Zhautykov Olympiad, Kazakhstan 2008, Question 6) Let a,b,c be 
positive integers for which abc = 1. Prove that 


1 3 
do Karty 7 2 
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Proof. (Posted by nayel). Letting a 


Zz 
,b ue c = — implies 
Zz x 


e118 


2 (x? + y? + 27)? 


x 
LHS = ) > 
ae Sey geye yee eee ag pat ee 


Now it remains to prove that 
A(a?+y?+ 27)? > 3S 2?y? Se 3S 0 ay 
cyc cyc 


Which follows by adding the two inequalities 
gttyt+ 2A > oytyzt Be 


So! +04?) > V2ey 


cyc cyc 


V 


Problem 26. (Ukraine National Olympiad 2008, P1) Let x, y and z are non-negative 
numbers such that «2? + y? + 2? = 3. Prove that: 


x y Zz < V3 
Vertyt2 Vatyrt+e Vatyt2” 


Proof. (Posted by nayel). By Cauchy Schwarz we have 
(@? +yt2\(ltyt+z)>(@ty+z) 


so we have to prove that 


14 14 14 
rJ/ltytztyVltatet+2/ FY - Vy 
r+yt+zZz 


But again by the Cauchy Schwarz inequality we have 


e/lt+ytzt+yvitatet+efltaty=)) Valet ays 22 


< J(e+ytzatyt z+ (acy t+ yz + 22) 


and also 


V(atytz\(atytzt+ (ryt yz t+ 22) 


< S(atyt z)(x2 + y2 + 2? + Qry + Qyz + 222) = s\/s 
where s = x+ y+ 2 so we have to prove that \/s < V3 which is trivially true so QED 
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Proof. (Posted by argady). We have 


x x 
= = ay = 
eye VE TY TZ “oye Ze +(y+z) )/ twee? cyc ves yh 2) 


Thus, it remains to prove that 


z < V3. 


cre 08+ (y+ 2) 


Let r+ y+z2=3. Hence, 


x 1 x 
<V3e6 >0s 
es8ol(Z je 


Was 
cyc 2 + G2) cyc vx r+3 
1 x ee) 
> } >O0sS 
X(z Vxe2—24+3 6V3 
> (x — 1)?(25x? + 35x + 3) 


(52 +1)J¥ae? —2+3+6V32)V02 —2+3 — 


cyc 


V 
Problem 27. (Ukraine National Olympiad 2008, P2) For positive a,b,c,d prove that 
(a+ b)(b+0)(c+d)(d+a)(1+ Wabed)* > 16abed(1 + a)(1 + 6)(1 +¢)(1 +d) 
Proof. (Posted by Yulia). Let’s rewrite our inequality in the form 


(a+ b)(b+c)(c+ d)(d+ a) . 16abcd 


(L+a)1+6)(1+e¢)1+d) ~ (1+ Wabed)4 


We will use the following obvious lemma 


rey >» 27 ey 
(l+a)(+y) ~ (1+ Vay)? 


By lemma and Cauchy-Schwarz 


a+b c+d 4Vabed(Vab + Vcd)? 16abcd 


G+al+H a+ qatar oer = a pape 4 Ved? =O 4 Yabod)! 


Last one also by lemma for x = Vab, y = Vcd 


Proof. (Posted by argady). The inequality equivalent to 
(a+ b)(b+c)(c+ d)(d+ a) — 16abcd+ 


+4Vabed ((a + b)(b+ c)(e+ d)\(d+a) —4V 382303 (a+ b+c+ d)) + 
42\/abed (3(a +b)(b+e)(c + d)(d + a) — 8Vabed(ab + ac + ad + be + bd + cd)) 
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+4/03b33d3((a + b)(b + c)(c + d)(d +a) — 4Wabcd(abe + abd + acd + bed)) > 0, 


which obvious because 


(a+ b)(b+c)(c+ d)(d+ a) — 16abcd > 0 


is true by AM-GM; 
(a+b)(b+c)(c+d)(d+a) —4V@B3B(a+b+c+d)>0 
is true since, 


(a+ b)(b+c)(e+d)(d+a) > (abe + abd + acd + bed)(a + b+¢+ 4d) & (ac — bd)? > 0 


and 


abc + abd + acd + bed > 4V a3 b3e3.d3 
is true by AM-GM; 


(a+ b)(b+c)(c+d)(d+a) > 4Vabcd(abe + abd + acd + bed) 


is true because 
a+b+c+d> AW abed 


is true by AM-GM; 


3(a + b)(b+ c)(c+ d)(d+ a) > 8Vabcd(ab + ac + ad + be + bd + cd) 


follows from three inequalities: 
(a+ b)(b+ c)(c+ d)(d+a) > (abe + abd + acd + bed)(a+ b+c+d); 


by Maclaren we obtain: 


a+b+c+d 


and 


which equivalent to 


abc + abd + acd + bed > 5 (ab +ac+ bc+ ad + bd + cd)abcd. 


V 


Problem 28. (Polish MO 2008, Pro 5) Show that for all nonnegative real values an 
inequality occurs: 


4(Va3b3 + Vb33 + Vc3a3) < 43 + (a +b). 
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Proof. (Posted by NguyenDungTN). We have: 


RHS ~ LHS = (Va8 + VB —2Ve)? + 3ab(/a— vb) > 0 


Thus we are done. Equality occurs for a= b= c or a=0,b= W4c or a= W/4c,b =0 


V 
Problem 29. (Brazilian Math Olympiad 2008, Problem 3). Let x,y,z real numbers 
such thatxa+y+z2=a2yt+yz4+ za. Find the minimum value of 


a ee Yy z 
w+ ytlo 241 


1 
Proof. (Posted by crazyfehmy). We will prove that this minimum value is eG If we take 


1 
c=y=—1,z=1, the value is —5. 


Let’s prove that 


ec US hy ties SH 
l+a2 ‘1+y2 ' 1422 ' 27 
We have 
x y z 1 (1+2) y z y z 
zt zl 2 = 2 z 1 re ra 2 
1+2 l+y 1+z 2 2+ 2x l+y 1l+z Il+y l+z 
y z 
<0 
l+y? 142? 


then (y + z)(yz +1) <0 and by similar way (a + z)(~z +1) < O and (y+ z)(yz+1) <0. 
Let all of x , y , z are different from 0. 


e Allofa+y,y+z2,x+zis>0Thenax+y+2>O0and sy+yz+az < —3. It’s a 
contradiction. 


e Exactly one of the (x+y) ,y+z,2+2zis <0. 
W.L.O.G, Assuming y+ z < 0. 
Because x+2z>Oandzx+y>O0sox>0. 


vz+1<0and zy+1<0 hence y and z are < 0. 


b b 1 1 
bey end pe ee ne SS 
a+b4+1 x x 
Sox >tlandab>1. 
ab+a+b 


Otherwise because of x > a and x > b hence ae 
So b> a? and a > 02. So ab < 1. It’s a contradiction. 


ab+ta+b 
>a and eae b. 


e Exactly two of them (x + y),(y + z),(a@ + z) are <0. 
W.L.O.G, Assuming y+ z and «+ z are < 0. 
Because x + y > 0 so z < 0. Because xy < 0 we can assume x < 0 and y > 0. 
Let x = —a and z = —c and because xz +1 >0 and ry+1<Osoc< and a > 7 
Because y+ z <0 and x+y > 0 hence a < y < cand so 7 <a<y<c< a It’s a 
contradiction. 
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e All of them are <0 Sor+y+2z<Oand ry+yz+2z>0. It’s a contradiction. 


e Some of x,y, z are =0 
W.L.O.G, Assuming « = 0. So y+z2=yz=K and 


y z K?+K 1 2 
— > <> 4k*+1>0 
l+y? 14+22 2kK?-2kK4+17 2 oe 


which is obviously true. 


The proof is ended. 


V 
Problem 30. (Kiev 2008, Problem 1). Let a,b,c > 0. Prove that 


a +b? +c? 
3) 
Proof. (Posted by canhang2007). Assume that a > b > c, then 


> min((a— b)?, (b— c)?, (c— a)?) 


min { (a — b)?, (b—c)?, (ce— a)?} = min{(a— b)?,(b—c)?} 

If a+c¢> 2b, then (b—c)? = min{(a — b)?, (b — c)?}, we have to prove 
a+b4+ce >5(b—c)? 

which is true because 

eeP te =5(6=c)? > Qb=c72 tte —5(b= cP =3c(2b—0) > 0 

If a+c < 2b, then (a — b)? = min{(a — b)?, (b— c)?}, we have to prove 
a? +0*+¢ > 5(a—b)? 

which is true because 


a? +b? = 5(a = 6)? = 2(2a = b)(2b—.a) > 0 


This ends the proof. 


V 


Problem 31. (Kiev 2008, Problem 2). Let x1, %2,:-: ,%n > 0,n > 3 and 21 + 29+ 
+++ +a, = 2 Find the minimum value of 


DP se SUB cle ag it 
L+a?  1+a2 0 1422 


Proof. (Posted by canhang2007). By AM-GM Inequality, we have that 
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Apply this for the similar terms and adding them up to obtain 
1 
LHS >2—- 5 (tite + x9%3 +-+++2n21) 


Moreover, we can easily show that 


Ty Ly + L9Z++++ + Uy Xy SRT +--+ + Tp-1 + Lega t+++ + In) <1 


for k is a number such that 2, = max{x 1, 22,...,%n}. Hence 


1 3 
LAS >2--=- 
~ 2 2 


V 


Problem 32. (Hong Kong TST1 2009, Problem 1)Let 0), 62,...,02008 be real num- 
bers. Find the maximum value of 


sin 6; cos 62 + sin 62 cos 63 + ... + sin 92997 Cos B290g + Sin O2908 Cos 81 


Proof. (Posted by brianchung11). By the AM-GM Inequality, we have 


1 
sin 01 cos 62+sin 99 cos 63+. . .+sin 62997 cos P2098 +sin O290g cos 61 < 5 S-(sin? 6;+cos” 6:41) = 1004 


Equality holds when 6; is constant. 


V 


Problem 33. (Hong Kong TST1 2009, Problem 5). Let a, b, c be the three sides of 
a triangle. Determine all possible values of 


a? +27 +e 
ab+ bc + ca 
Proof. (Posted by Hong Quy). We have 


a? +b?+c? >abt+be+ca 


and |a — b| < c then a? + b? — c? < 2ab. 


Thus, 
a* + 6% 4+ c* < 2(ab+4 be 4+ ca) 
24 724 2 
(fps eT EG Us 
ab + bc + ca 
V 


Problem 34. (Indonesia National Science Olympiad 2008) Prove that for x and y 
positive reals, 
1 1 2 
> 


(1+ Vz) ° (1+ Vy)? ~ aty+2 
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Proof. (Posted by Dr Sonnhard Graubner). This inequality is equivalent to 


24+ 2x + 2y +02 + y? — 2 fay — 2e/y + 2x? + 2? —8/zVy > 0 
We observe that the following inequalities hold 
lL. ot+y > 2/ry 
22 hy Sle 
3. yt+a? > 22,/y 
4, 24+ 2y? +202 > 6 zy. 
Adding (1), (2), (3) and (4) we get the desired result. 


Proof. (Posted by limes123). We have 


1 - 1 Yy 
(l+a2)?~l+ay x+y 


(1+ 2y)(1+ a >(lt+2 <= 


and analogously 
1 1 x 


(lt+y? ~l+ay ety 


as desired. 


V 


Problem 35. (Baltic Way 2008). Prove that if the real numbers a, b and c satisfy 
a? +b? +c? =3 then 


a? (a+b+c)? 
Set , 

2+b4+¢? 12 
When does the inequality hold? 


Proof. (Posted by Raja Oktovin). By the Cauchy-Schwarz Inequality, we have 


a? i b? 2 2 (a+b+c) 
2+b64+2' 24c4+a2  24+a4+b? ~64at+b+ce+a2 4+? 4+ C2 


So it suffices to prove that 
6+atb+ct+a?+V4+e < 12. 
Note that a? + b? + c? = 3, then we only need to prove that 
a+b+c<3 


But 


(atb+c)? = a? +b? +c? 42(ab+be+ca) < a? +b? +0? +2(a?7 +b? +c?) = 3(a? +0? +c?) = 9. 


Hence a+ 6+ c < 3 which completes the proof. 


V 
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Problem 36. (Turkey NMO 2008 Problem 3). Let a.b.c be positive reals such that 
their sum is 1. Prove that 


ab? 2c? ac? 3 


T > 
c3(a2—ab+b?) — a3(b? — bc +c?) e b8(a2 —ac+c?) ~ ab+be+ac 


Proof. (Posted by canhang2007). The inequality is equivalent to 


3 ab? = 3(a+b+c) 
c3(a2 — ab+ 6?) ~ ab+be+ca 


1 1 1 
Put «= -,y ae then the above inequality becomes 
a c 
2 S 3(zy + yz + 22) 
x2—ayty*  xext+ytz2 


This is a very known inequality. 


Proof. (Posted by mehdi cherif). The inequality is equivalent to : 


(ab)? < 3(a+b+c) 

c3(a2 — abt+ ae ~ ab+ac-+ be 
3(abc)?(a +b +c) 

=> Se ab + ac + be 


But 
3(abe)?(a + b +c) = 3abe(Y—a)(abe)” < (— ab)? (abe)?(AM — GM) 


Hence it suffices to prove that : 


(ab)° 
oF * > — *(S 5 ab) 
i Laur cua Le 
= y= ea | S\c(a+b) >35_ ab 
ab bc) 
y! eee 23) ab 


On the other hands, 


3 (ab)? + (be)? + (ca)? >9 


c?(a? — ab + b?) 


It suffices to prove that : 


(ab)? + (ac)? + (bc)? 
95 S> (ab)? — abc( = 3) jab 


Denote that + = ab, y = ac and z = bc 


M 
ay 


tyr +23 
3 
Q(x? + y2+ 22) —ayt+yz+ 2a 


=> Soa? + 32yz >So ay(e + y) 


which is Schur inequality ,and we have done. 
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V 


Problem 37. (China Western Mathematical Olympiad 2008). Given x,y,z € (0,1) 


satisfying that 
1- 1- 1- 
“4 ay eee) 
yz LZ xy 


Find the maximum value of xyz. 


2 


Proof. (Posted by Erken). Let’s make the following substitution: « = sin“ a and so on... 


It follows that 
2sinasin Gsiny = S\cosasina 


But it means that a+ 6+ y= 7, then obviously 


(sin asin 3 sin y)? < — 


Proof. (Posted by turcas,.). We have that 


So 2,/ryz < ye 7 oe 3¥3 _ 3. a/myeZ. 
If we denote p= 6/ryz we get that 2p? < ove — \/3p?. This is equivalent to 


4p? + 2V3p? — 33 < 0 = (2p — V3) (2p? + 2V3p + 3) <0, 


then p< ee So xyz < 2 The equality holds for « = y= z= 3. 


V 


Problem 38. (Chinese TST 2008 P5) For two given positive integers m,n > 1, let 
aij(t = 1,2,---,n,j = 1,2,---,m) be nonnegative real numbers, not all zero, find the 
mazimum and the minimum values of f, where 


ie (Dope Gig) FM (Dy aig)? 
(dojer Dope Gig)? + mn Dy DE, a, 


Proof. (Posted by tanpham). We will prove that the maximum value of f is 1. 


— 


e For n =m = 2. Setting a1, = a,a21 = b, a2 = ©, a2; = y. We have 


_ 2((a+b)?+(a@+y)?+ (a+ 2)? + (b+y)?) 


= <1 
(a+b+at+y)?+4(a2+b+4+a24+y2) ~ 


= (r+b-a—y)*>0 


as needed. 
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e For n = 2,m = 3. Using the similar substitution: 


(x,y, 2), (a,b, ©) 


We have 
pa 2atbtey +2+yte) +3(ate) +3bty) +3(ct2)" - | 
6(a2+RP+2+a2+y2+22)+(at+bt+etatytz) ~ 
 (x+b—y—a)’+(e4+ce—z-a)?+(y+c—b—z)?>0 
as needed. 


© Forn=3,m=4. With 
(ese, 1); (a,b ed). (ksh) 
The inequality becomes 
(e+b-—a—y)’+(e@+e-—a—2)?4+(2+d—a—-t)?4+(e#+1—k—-y)+ 


24 (e+n—k—t)?+(yte—b—2)? + (yt+d—b-t)?4+ 


+(y+m—l—2z)?+(ytn—l-tP +---20 


+(2+m—k-—2z) 


as needed. 
By induction, the inequality is true for every integer numbers m,n > 1 
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The inequality from IMO 2008 


In this chapter, we will introduce 11 solutions for the inequality from IMO 2008. 


Problem. 


(i). If x,y and z are three real numbers, all different from 1 , such that xyz = 1, then 


prove that 
Py y? | oe 


27 2 cae 
(eats: Wad ae) 


With the sign 5> for cyclic summation, this inequality could be rewritten as 


ay 


(ii). Prove that equality is achieved for infinitely many triples of rational numbers 


x,y and z. 
Solution. 


Proof. (Posted by vothanhvan). We have 


cyc 


We conclude that 


E63 (3) 26-3) OY peda) 


S27 (y— 1)? (2-1)? > @-1P Y-1P(@-Y’e i = y 4 z | 
ae C=) Gah te=1) 
QED 
V 
Proof. (Posted by TTsphn). Let 
ps2" b= i = 
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Then we have : 


bc = (a+ 1)(b4+1)(c+1) = >abtact+tbe+a+b+c+1=0 


Therefore : 


a+b? +c? = a?+b?+c?+2(ab+act+be)+2(atb+c)+2 = a?+b?+c? = (atb+c+1)?+1 > 1 


So problem a claim . 
The equality hold if and only ifa+b+c+1=0. 
This is equivalent to 

Cy 2 2e 


From x = 7 we have 


Ns it Lee 
Se = see: SI Be= dae 
zy 


A = (3z — 1)? — 42? = (z-1)?(1 — 42) 


1 
We only chose z = ,|m| > 0 then the equation has rational solution y. Because 


1 : : 
x = — so it also a rational . 
Zz 


y 
Problem claim . 


V 
Proof. (Posted by Darij Grinberg). We have 


x iP eo (yz + 2a + cy — 3)” 


Gl @-IP 


For part (77) you are looking for rational x, y, z with ryz=1 andx+y+z2z=3. 
In other words, you are looking for rational x and y with x + y+ a = 3, This 


“(@-1e 7 (@-1? y- VP (2-1 


rewrites as y? + (x — 3)y ++ = 0, what is a quadratic equation in y. So for a given 


z, it has a rational solution y if and only if its determinant (« — 3)? —4- 1 isa 
square. But (x — 3)? —4.1=24(¢- 1)”, so this is equivalent to 2 being a square. 


Parametrize... 


V 
Proof. (Posted by Erken). Let a= 1—- 4 and so on... Then our inequality becomes: 
bh tbe bed = he 


while (1 — a)(1 — 6)(1—c) = 1. 
Second condition gives us that: 


CYP +P C+ ECR = APP? t+ (atbt+c? > abe 
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V 


Proof. (Posted by Sung-yoon Kim). First letting x Zi, ig a) We have 
Dp f 
to show that 


Define f(t) to be 
2 


Lee-O; i pe +200 7 ul att Dae d 5 = A? +2Bi+C 


(p — q) p-4q p-4) p-4q) 


This is a quadratic function of t and we know that this has minimum at to such that 
Atop + B=0. 
Hence, 
AC — B? 
A 


f(t) > f(t) = Ath + 2Bip +C = Btpy +C= 


Since 
2 Gs qd \9 
ee gS (p— pd. (p — a oy oo" 
and we have 


(a? 4b? +07 \(d? +e? 277) = (ad + beef)? = S “(ae — bd)’, 


We obtain ; 
rad 2 
AC= BF = —S ee —— | 
d (p—q)(q—-r) 22 =a) 
This makes f(t) > 1, as desired. 
The second part is trivial, since we can find (p,q,r) with fixed p—q and any various 
q—r, which would give different (x,y,z) satisfying the equality. 


V 
Proof. (Posted by Ji Chen). We have 
43 2 2 
2 - 2 zg—1 
ea yd) ea) 
a® b° od 


(a3 — abc)? | (b3 — abc)” | (<3 — abc)? 7 
_ (be + ca + ab)? (b?c? + c?a? + a2? — a?be — bea — cab)? 4 
(a2 — bc)” (b? — ca)” (c2 — ab)? a 
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Proof. (Posted by kunny). By xyz = 1, we have 


ae are -{ ry | YZ | 2% \ 
Phe ae (x — 1)(y1) ; (y —1)(z-1) ) (z —1)(a - 1) 
_ ty -DY@-1)+y—- 1-1) +2(@ - Dy — 1) — eye — 1) — yee — 1) - zaly - 1) 
gage) 
aly —1)(z-1—z) + y(z—-1)(e@-1—2) + zel(y-1-y) 
(x-I(y-DYe-1) 
ctytz—(tyt+yz4+ 22) 

G=Dy Dea) 
ery he = (ayh yea) eye 1 
(x-1(y-Y(ze-1) 

2 (ey Sled) 


(x — 1)(y—1)(z-1) 


(Because 7 #1, y#1, z #1).) 
Therefore 


2 2 2 
| 


Gai) Gal? ae 

ere =) “\eancs iy a) 
-(=55 a 4) -2() | a | an 1) 

-(-45 i y-1) +121 


The equality holds when 


Proof. (Posted by kunny). Lett r+y+2z=a, rytyz+z2r =), ryz=1,2, y, 2 
are the roots of the cubic equation : 


—at?+bt-1=0 
If t = 1 is the roots of the equation, then we have 


P—a-1?+b-1-1=0—a-b=0 
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Thereforet £1<<—> a-bF0. 


Thus the cubic equation with the roots a= 4,, B= 4, y= 4; is 


(44) -e(-Q) +e 4-1-0 
<> (a — b)t®? — (a— 204+ 3)t? — (b-3)t-1=0 --- [x] 


Let a—b=p#0, b—3=4g, we can rerwite the equation as 


pa pHor =a b=0 


By Vieta’s formula, we have 


a+ B+y=—— A =1-2, ab + By+1a=—< 


Therefore 


ig | y? ra 


Ga? G@= eo 
=(a+6+7)? —2(a8 + By + 7a) 


The equality holds when 0=— q =0 => db = 3, which completes the proof. 


V 


Proof. (Posted by kunny). Since x, y, z aren’t equal to 1, we can set rx =a+4+1, y= 


b+1, z=c+1 (abc £0). 


2 2 2 2 
x so) Z (a+ 1) 


(BoE)? (eat 1)? 


(x — 1)? (y — 1)? (z—1)? — @e b2 C2 
ee care rs eae ee ee 
i a b ¢ a Be 


2(ab+be+ca)  (ab+bce+ ca)? — 2abc(a+ b+ c) 
abc (abc)? 


=3 


Let 
a+b+c=p, ab+be+ca=q, abe=rF0 
we have zyz = 1 <=> p+q-+r=0O, since r £ 0, we have 


r r r Vk r 
mee (2) 4282" (1) +4245 
r r r r r 


Te 


Al 
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The equality holds when g = —2r and p+q+r =0(r >0) = p:q:r=1:(-2): 1. 
Q.E.D. 


V 


Proof. (Posted by Allnames). The inequality can be rewritten in this form 
1 
a 
eee 


do (=a)? bP > ((1—a)(1—d)(1 — 0)? 


or 


1 
where x = — and abc = 1. 


a 
We set a+b+c = p,ab+bc+ca = q,abec = r = 1. So the above inequality is 
equivalent to 


(p—3)? > 0 


which is clearly true. 


V 


Proof. (Posted by tchebytchev). Let x = +,y = 7 and, 2 t We have 


a 


Aaa y? 7 
Gel Gad): 
1 1 1 


CR ae Clee) 


( 2 

aaa Tes) | a5 desires | ahead | ener 
~Aatb+c)+ab+be+ca]’ —(a+b+e 

2( ) b : | -2| 3-—(a+b+c) | 


ab+be+ca—(a+b+ec ab +bc+ca—(a+b+c) 


aes a Ges) area or 


ab + be+ca—(a+b+c) 


| 5 = : an 5 3) 
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Glossary 


1. AM-GM inequality 
For all non-negative real number ay, d2,--- ,@, then 


ay + ay +++ +n > NYaudy a 


2. Cauchy-Schwarz inequality 
For all real numbers aj, a@2,--- , a, and b;,b2,--- ,b,, then 


(aj t+az+-+-+a2) (Bp +03+---+n2) > (a:b) + agbe +--+ + andy) 


3. Jensen Inequality 
If f is convex on I then for all a1, a2,--- ,a, € 1 we have 


Fe) + Flan) +++ fle) 2 ng (BEET) 


n 


4. Schur Inequality 
For all non-negative real numbers a, b,c and positive real number numbers r 


a’ (a— b)(a—c) +06" (b—a) (b—c) +c" (c—a) (c—b) > 0 


Moreover, if a,b,c are positive real numbers then the above results still holds 
for all real number r 


5. The extension of Schur Inequality (We often call ’Vornicu-Schur in- 
equality’) 
For x >y>zanda>b>c then 


a(x —y)(e@—z)+b(y—z)(y—2#) +e(z—2) (z—y) 20 
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